Let V be a set of curves in the plane. The corresponding intersection graph has V as the set of vertices, and two vertices are connected by an edge if and only if the two corresponding curves intersect in the plane.
I. Introduction
Let V be a finite set of curves in the plane. Two curves mayor may not intersect, namely,.have a common point. We con struct an undirected finite graph G(V, 
* In this paper we ignore the number of intersections two curves may have. We say that two curves intersect if they have one or more points of intersection. However, only a finite number of intersecting-points are allowed.
Technion -Computer Science Department -Tehnical Report CS0039 -1974 . In case all the curves are straight lines-segments, we shall say that the corresponding graph is an intersection graph of· straight lines.
------------
Intersection graphs are of interest in circuit layout techniques.
The chromatic number of the intersection graph is the minimum number of planes necessary to realize a set of connections shown by the ~urves, in case we do not allow jumps from one plane to another. We assume, of course, that all end points of the curves are available in all the parallel planes.
We shall show that the set of intersection graphs is a proper subset of the set of all graphs. Furthermore, the set of intersection graphs of straight lines is a proper subset of the set of intersection graphs of curves. Yet, the problem of finding the chromatic.number for intersection graphs is probably hard to solve; in particular we shall show that for every k ~ 3, the problem of whether an intersection graph of stra~Bht lines is colorable with k colors is NP-complete* ...
graph G "hich is known not to be planar. Let us illustrate the process by using a completely connected graph of five vertices, which as one of Kuratowski's graphs is known to be nonplanar • ...
G is shown in Fig. 2a . Clearly, G itself is an intersection Figure 2 .
(e)
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We claim that G is not an intersection graph of any set of curves.
Let us prove this assertion by an indirect proof. Assume
that there is a set of curves V such that G{V,E) is its inter~ section graph. For our example the curves, all except the one representing vertex 10, would look something like the drawing shown in Fig. 3 . As dictated by G, the five alphabetic curves 9 Figure 3 cannot intersect each other, and similarly, the ten numeric curves cannot intersect each other. The only intersections allowed are those displayed in the diagram, in addition to the missing curve No. 10, which should intersect curves a and d
only. This curve was not drawn because it cannot be drawn.
But assume the whole diagram could have been drawn as required.
Technion -Computer Science Department -Tehnical Report CS0039 -1974 -5 We could.now shrink each one of the alphabetic curves into a point without creating any new intersection, exoept that all the numeric curves which inte sected this alphabetic curve ,;;
would now meet in this point. The resulting diagram is a planar realization of G where the points represent the ver tices, and the numeric curves are the edges. This is a contra -diction, since G is nonplanar.
It is interesting to note that every planar graph is an intersection graph of curves. Our illustration makes use of the fact that curves may intersect any number of time, and not just once.· For example, consider the planar graph shown in Fig. 4a . In Fig. 4b we show that each vertex and more than
.", Figure 4 half the length of each of its incident edges can be surrounded '" by a curve in such a way that the resulting curves correspond to the vertices of the initial graph which serves now as their intersection graph.
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An interesting family of intersection graphs.
In this section we shall display a family of (nonplanar) intersection graphs. Our purpose is to show some of the rich ness possible in intersection graphs and to pose an open ques tion concerning this family.
Let k and n be positive integers. The graph G k ,n has k·n vertices denoted by v ij where 1 ~ i ~ k and 1 ~ j ~ n.
The set of edges, E, of G k ,n is defined by <Vab,Vcd>£E <=> arC and brd. * This construction can be generalized to realize G 2 ,00 Technion -Computer Science Department -Tehnical Report CS0039 -1974
IV.
An intersection graph which i$ not an intersection graph of straight lines.
OUr purpose is to construct an intersection graph which is not an intersection graph of straight lines. For this pur pose we shall construct a set of curves of a certain structure.
We shall not intersect any two curves in more than one point, and for ease of presentation will assume that this is the rule of the game in this section. There is no loss of generaliza tion since two straight lines can have at most one point of intersection.
A triangle is a set of three curves such that each two of them intersect. There are essentially only two types of triangles, as shown in Fig Inside the triangle there can be only one star which feels it; such a star is shown in Fig. 7a . Since each side has 3 sections, 'there are altogether 9 sections. Let us show now that as we add new feeling stars each such addition will eli minate one of fuese sections from any further use. Since each star requires access to 3 sections, after we add 7 more stars there will not be enough sections <left to enable an additional feeling star. This will prove our claim ab~ut the 8 stars.
There are basically 7 types of external feeling stars:
Type 1: A star which feels the three middle sections. See 
FiQur. 7
Technion -Computer Science Department -Tehnical Report CS0039 -1974 There are topological structures different from the ones we have drawn in Fig. 7 , but these different realizations have the same properties as in the discussion that follows.
(1) Once a feeling star of Type 1 is added no additional feeling star can be added, because within each one of the three regions it defines on the outside of the triangle there is access to two of the sides only.
Thus, this addition eliminates all 9 sections. .ost 2 more feeling stars. This extreme case is also realizable and is shown in Fig. 9 .
Figure 9.
This concludes the proof of the Lemma. Assume that G is realizable as an intersection graph of straight lines. The triangle must have the shape as in Fig. 9 .
It is not difficult to see that all locks must be outside the triangle; this follows from the fact that each of them must intersect all the antennas but one (and in the case of the general lock -all the antennas) and there are at least two antennas which cannot penetrate into the triangle.
Each middle section intersects at least one antenna of an ex ternal star and one antenna o~ the internal star, or an additional star can be drawn, using curves, and this contradicts our Lemma. Technion -Computer Science Department -Tehnical Report CS0039 -1974 -17 Consider now the lock, a', which does not intersect a'. Since it cannot intersect any of the triangle .sides or the general lock it must intersect both b' and c' below the general lock as shown in Fig. 12 .
Figure 12
By a similar argument the lock a", which does not inter sect a" must intersect b' and c'below i' and thus cannot possibly intersect a', as it should. We conclude that the claim must hold.
Also, let us note that the Lemma implies that there is no inters~ction graph which corresponds to a triangle and 9
stars. This is a graph which is not an intersection graph and is different from the graphs described in Section II.
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We have seen that the set of intersection graphs of straight lines is a proper subset of the set of intersection graphs of curves, which in turn is a proper subset of the set of all graphs.
This seems to leave hope that one may find an efficient algorithm to color intersection graphs in spite of the fact that the prob lem of finding the chromatic number, of graphs in general, is NP-complete*.
In a recent paper, Stockmeyer [2] proves that the problem of determining whether a planar graph is 3-colorable is NP com plete.
(A proof for 4-colorability would settle the 4 color conjecture -negatively). In fact, he proves a slightly stronger result without even mentioning it.
Let us define a graph to be special if it has a representa tion in the plane in which all edges are straight line segments, edges intersect only in the vertices and the angle be~ween two adjacent edges is never less than 10°. Stockmeyer proves that the 3-colorability of special graphs is NP-complete**.
*
The fact that a problem is NP-complete gives strong evidence that there is no efficient algorithm to solve it. ** Actually, the statement is even true for 22.5°, instead of the arbitrarily chosen 10°. For our purposes any € >O will do.
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We claim now, that the proble~ of determining whether an in tersection graph of straight lines is 3-colorabl~ is NP-complete, even if we have its representation as lines in the plane.
We use a polynomial reduction from the problem of 3-colorability of stockmeyer's special graphs to 3-colorability of intersection graphs of straight lines.
The basic 'idea is illustrated in Fig. 13 . Technion -Computer Science Department -Tehnical Report CS0039 -1974
original graph is 3-colorable if and only if the set of lines is 3-colorable. This proves that 3-colorability of intersection graphs of straight lines is NP-complete, and therefore 3-colorability of intersection graphs of curves in the plane is also NP-complete.
Next, consider the question of whether the k-colorability of an intersection graph of straight lines is NP-complete. Clearly, if k is specified as part of the specific problem (i.e., part of the "input"), the problem is NP-complete. I~ the following discussion we shall
show that even if k > 3 is fixed (1. e., the same for all the problems under consideration and therefore not a part of the "input") the problem of k~colorability is NP-complete.
The proof of this claim is by induction on k. We have shown the validity of the claim for k =3. Now, we display a polynomial reduction of k-colorability of an intersection graph G of straight lines to (k+l)-colorability of an intersection graph G. We assume that G is represented by straight lines in the plane, and the reduction produces 
